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Abstract
A product of two Riemann surfaces of genuses p1 and p2 solves the Seiberg-Witten
monopole equations for a constant Weyl spinor that represents a monopole condensate.
Self-dual electromagnetic fields require p1 = p2 = p and provide a solution of the euclidean
Einstein-Maxwell-Dirac equations with p − 1 magnetic vortices in one surface and the
same number of electric vortices in the other. The monopole condensate plays the role of
cosmological constant. The virtual dimension of the moduli space is zero, showing that
for given p1 and p2, the solutions are unique.
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In this note we present solutions of the Seiberg-Witten monopole equations (SWME)[1]
6DA  γaEµa (@µ + iAµ +
1
8








µν) = − i
4
 †[γµ; γν] (2)
for which the 4-manifold M4 has the form p1  p2 with p1 + p2  2, excluding p1 = p2 = 1.
The Weyl spinor  , which represents massless monopoles in the SWME, consists here of a single
constant component  1( 2), giving rise to a monopole (antimonopole) condensate. Physically,
p1−1 (p2−1) is the number of magnetic (electric) vortices in p1 (p2). Remarkably, the most
symmetric case with self-dual electromagnetic elds is also of direct physical interest: it is a
solution of the coupled Einstein-Maxwell-Dirac equations, with the condensate now serving as
the cosmological constant. The eld equations are
Rµν − 1
2
gµνR = (Tµν(e.m.) + Tµν(Dirac)) + gµν ; (3)
F µν;µ = 0; (4)
~F µν;µ = 0 ; (5)
together with the Dirac equation (1). In (1)-(5), !bcµ and Aµ are the spin and U(1) connections.
The γa are the flat-space γ−matrices; thus γµeaµ = γa with Eaµeνa = νµ; eaµabebν = gµν , etc. The
Weyl spinor  is of the form  T = ( 1;  2; 0; 0) and the matrices
γa = 1
⊗
a(a = 1; 2; 3); γ4 = 1
⊗
1 are block o-diagonal, while γ5 = 3
⊗
1. Since the metric
is Euclidean,  † replaces  in all spinor bilinears. These lead to the automatic vanishing of
spinor currents  †γµ or  †γµγ5 which would otherwise have appeared on the RHS of (4) and
(5).
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The cosmological constant is needed since non-singular and square-integrable solutions of
the SWME with R(x)  0 are forbidden by the Weitzenbock formula and Witten’s vanishing
theorems, which are essentially its integrated version (for a review of the SWME, see [2]). As
T µµ (e.m.) = T
µ
µ (Dirac) = 0, we are clearly limited to manifolds M4 where 4 = −R is a positive
constant, which will turn out to be provided by the monopole condensate.
It is sensible to begin with a euclideanized Bertotti-Robinson [3], [4] type Ansatz, as that
solution also involves covariantly constant electromagnetic elds and admits a cosmological
constant [3]. Thus, as in [3], we may try M4 = M(1)2  M(2)2 . One can then choose the
conformally-flat basis one-forms







with no initial restriction on  . Putting the Ansatz in the SWME , however, one nds that one
of  1 or  2 must be zero, while the other can at most be a non-vanishing constant. The cases
 1 6= 0 and  2 6= 0 can be regarded as condensates of massless monopoles or antimonopoles,
respectively. This is reminiscent of, and possibly dual to the gluino condensate considered by
Witten [5] in the original topological twisted N = 2 supersymmetric Yang-Mills theory.
Let us start with  1 6= 0. This yields R = 2R1212 + 2R3434 = −2j 1j2. Introducing a new
constant, we put R1212 = −jj2; thus R3434 = −(j 1j2− jj2). We now have three possibilities: (i)
Both M2’s have constant negative curvatures (j 1j > jj); (ii) one M2 is flat while the other
has constant negative curvature (jj = 0 or j 1j = jj); (iii) j 1j < jj, hence M(2)2 = S2 and
M(1)2 has constant negative curvature. In all the cases, use of the Cartan structure equations,
the constancy of j 1j and the SWME lead to
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since the curvature two-form Rab = Rabcdec ^ ed contains no !ac ^ !cb terms in our Ansatz.
It is worth pausing briefly to consider some implications of (8) and (9). First of all, (8) and
the form of  show that the original version of Hermann Weyl’s "Eichinvarianz" [6] actually
holds in (1): A gauge transformation Aµ ! Aµ +@µ(x1; x2)+@µ(x3; x4) can be compensated
for by local changes of the scale factors  and  ! Secondly, this gauge transformation reveals
that each of the two 2-manifolds eectively has its own U(1) ber. Thirdly, (DA)µ = 0 by
(8); hence Tµν(Dirac) = 0 in (3). Then, contracting (3), one nds −R = 2j 1j2 = 4; hence, as
mentioned before, the cosmological constant is given by the monopole condensate. Incidentally,
this represents a counterexample to the folklore that solutions of the coupled Einstein-Maxwell-
Dirac equations need not be sought because the Dirac eld is supposed to become negligible in
the classical limit where the Einstein-Maxwell equations apply.
We now seek solutions of the SWME for the cases (i)-(iii). It will be seen later that the
most highly symmetric and self-dual special case of (i) also solves (3-5). We dene the pair of
complex coordinates z1  x + iy  p2jj(x1 + ix2), z2  s + it 
√
2(j 1j2 − jj2)(x3 + ix4).
The SWME then result in
4@2@2 = e
2ν (j 1j > jj); (10)
4@2@2 = 0 (j 1j = jj); (11)
4@2@2 = −e2ν (j 1j < jj) (12)
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for (i), (ii) and (iii), respectively. In addition,  satises
4@1@1 = e
2µ (13)
in all three cases. Now it is known that the Liouville equation
4@z@z = e2Λ (14)






(1 gg)2 ; (15)
where g(z) is an arbitrary analytic function. Using (8), (9) and (15), the solutions of (1) and (2)








































where the upper and lower signs in (17) and (19) correspond to cases (i) and (iii), i.e., negative
and positive constant curvature for M(2)2 . For case (ii), we may solve (11) by taking  =
(z2) + (z2), which gives M(2)2 the flat metric
5
ds2 = exp ((z2) + (z2))dz2dz2  dw2dw2; (21)
thus we can use (16)-(19) with !34 = R
3
4 = 0:
So far we have only mentioned the curvatures of the two manifolds; their global topological
properties depend on the choices for g1(z1); g2(z2) and w(z2). For example, taking w(z2) to be
an inverse elliptic function makes M(2)2 the genus p = 1 flat torus. Similarly, but less trivially,
we can tesellate the constant negative curvature hyperboloid jg1(z1)j  1 by 4p1-gons with
geodesic edges. Pairwise identifying the latter in the usual way [8] turns M(1)2 into a genus p1






where g1(z1) = (f1 − i)=(f1 + i), and chooses f1 as the Fuchsian function [9], [10] used in
uniformizing an algebraic function whose Riemann surface has genus p1. Obviously, in case (i) a
similar choice can be made for g2(z2), giving M(2)2 = p2 . In case (iii), we have M(2)2 = 0  S2
and the only one-to-one and onto mappings of S2 to itself consist of g2(z2) = (az2 +b)=(cz2 +d).
To summarize, we have found solutions of the SWME of the form M4 = p1  p2 where
p1 + p2  2, excluding p1 = p2 = 1. Using (18), the rst Chern classes of the two manifolds
are seen to be p1− 1 and p2− 1; these may be regarded as the number of magnetic vortices on
M(1)2 and electric vortices on M(2)2 , respectively. In the "antimonopole condensate" case with
 1 = 0;  2 6= 0, the metric remains the same but Aµ and the rst Chern classes change sign;
this can be thought of as changing the sense of the vortices.
Are these solutions unique? One may rst think of generating new solutions in cases (i)
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; with jij2  jij2 = 1 ; (23)
where the upper (lower) sign again refers to (i) ((iii)). However, all the elds are seen to be
invariant under such SU(1; 1)  SU(1; 1) (SU(1; 1)  SU(2)) transformations; in particular,
integer subgroups of the above only shue the 4 − pi-gons, keeping the tesellation xed. To
investigate uniqueness more generally, one needs to compute the virtual dimension W of the
moduli space of the solutions via
W = −(2+ 3)=4 + c21; (24)
where the signature





obviously vanishes for our solutions in which only R1212 and R
3
434 are non-zero. The Euler
characteristic follows from the Kunneth formula
(M4) = (M(1)2 )(M(2)4 ) = (2− 2p1)(2− 2p2); (26)





F 2 = (M4)=2: (27)
Hence W = 0, proving that our SWME solutions are unique up to gauge and conformal
transformations.
We return to the question of which of the above solutions also satisfy the remaining "phys-




gµνR = (Tµν(e.m.)) + 1
2
j 1j2gµν : (28)
Direct computation shows that only case (i) is compatible with (28) for the special value
2jj = j 1j, which makes the curvatures of the two manifolds equal. By (8) and (9), this means
the U(1) eld strengths are self-dual. Hence (4) and (5) are both solved and Tµν(e.m.) = 0. The
Riemannian curvature is also self-dual in the sense that the the equal sharing of the monopole
condensate between the two manifolds results in their having the same curvature and the same
genus; the only dierence is that the vortices are "magnetic" in one and "electric" in the other.
It would be interesting to investigate whether (3-5) always select the most symmetric subset of
the SWME solutions.
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